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Abstract
We study topological A-model disk amplitudes with Calabi-Yau target spaces by
mirror symmetries. This allows us to calculate holomorphic instantons of Riemann
surfaces with boundaries that are mapped into susy cycles in Calabi-Yau d-folds. Also
we analyse disk amplitudes in Fano manifold cases by considering fusion relations
between A-model operators.
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1 Introduction
D-branes [1] play important roles to describe the solitonic modes in string theory and could
make clear dynamics in strong coupling regions. They are applied to many non-perturbative
situations in string theory, such as Black Brane physics [2] and susy Yang-Mills theories
[3]. The calculations of degeneracy of BPS states shed light on profound problems of Black
Hole’s entropy and give us the microscopic description of its properties. As an attempt
to unify various string dualities, the M-theory [4] is expected to be formulated by taking
D-branes as fundamental objects. In some limit of large solitonic charges in supergravity
theories (SUGRA), the dynamics of the system are effectively controlled by large N super
Yang-Mills theories associated to D-brane world volumes [5]. It might be possible to study
strong coupling regions of SUGRA by dimensionally reduced susy Yang-Mills actions because
open string sectors govern the dynamics in short distances. Also MQCD contributes to our
understanding of dynamics and moduli spaces of SQCD [6] schematically from geometrical
configurations of branes.
The physical observables of D-brane’s effective theories have dependences on moduli
of compactified strings or wrapping D-branes. We expect that properties of compactified
internal spaces essentially control non-perturbative effects in susy Yang-Mills theories. One of
various remarkable successes is calculation of prepotential in susy Yang-Mills in a geometric
engineering technique [7] based on analyses of moduli spaces in compactified string. It
determines non-perturbative parts of the effective theory completely and leads us to open
some geometrical methods in understanding the susy Yang-Mills and string effective theories.
String inspired effective theories in various dimensions give a hope that some non-
renormalizable field theories might be formulated in non-perturbative ways. These Yang-
Mills theories are related to fluctuations of open strings and are closely connected with
D-branes.
In this paper, we focus on the type II superstring compactified on Calabi-Yau manifold
and study disk amplitudes of its topological sector to study properties of moduli spaces.
Strings can couple to the D-branes through boundary of the disk. The amplitudes allow us
to obtain world sheet instanton properties in the open string sector. The complex structure
moduli sector is described by topological B-model and receive no world sheet quantum cor-
rections. One can analyse the B-model moduli by period integrals . On the other hand, the
Ka¨hler structure have (world sheet ) instanton corrections and we study them by topological
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A-model. For Calabi-Yau cases, there are mirror symmetries [8, 9, 10] between these two
models. Transforming former information to that in A-model side, we can obtain instanton
corrections in Ka¨hler moduli spaces.
Motivated with this consideration, we intend to examine the amplitudes by means of
mirror techniques. Some considerations are given in [11] for disk amplitudes for Calabi-Yau
cases. But there still remains several uncertain points.
Our aim is to develop a concrete method to calculate disk amplitudes for the A-model.
We present disk amplitudes for d dimensional Calabi-Yau manifolds explicitly in order to
clarify relations with three point couplings on sphere and generalize the calculation to Fano
manifold cases by studying fusion products of operators.
The paper is organized as follows. In section2, we review an N = 2 supersymmetric non-
linear sigma model and its possible two (A-, B-type) boundary conditions. We also explain
the results in ref. [11] about boundary states and associated disk amplitudes in topological
A-, B-models in order to fix notations for later sections. In section 3, we consider fusion
relations of A-model operators O(l)’s and their disk amplitudes c(l). Taking derivatives of
the amplitude with respect to a moduli parameter is equivalent to insertion of an extra
associated operator in the correlator. Operator products are represented linearly and lead
us to a closed set of differential equations about the c(l)’s. In general it is difficult to evaluate
quantum corrections in c(l)’s directly in the A-model side. But the corresponding amplitudes
in the B-model case are period integrals themselves. By using mirror symmetries to evaluate
fusion couplings for Calabi-Yau cases, we can obtain the c(l)’s exactly in the A-model as a set
of solutions of the above differential equations. As concrete examples, we analyse two d-fold
cases and argue on geometrical meanings of expansion coefficients with respect to Ka¨hler
parameters in the amplitude.
Although this result is very satisfactory, we should still keep in mind the fact that this
mirror technique requires the existence of B-model and the story is necessarily restricted
to Calabi-Yau cases for consistency of the model. If one can discusses the analyses within
the A-model side only, there still exist many Ka¨hler manifolds which can be used as target
spaces in the model. For examples, in the cases of Ka¨hler manifolds with positive first Chern
classes (Fano manifolds), the B-model cannot be defined consistently and the trick of mirror
symmetries cannot be applied.
To defeat this difficulty, we discuss, in section 4, relations between the amplitudes c(l)’s
in Fano manifold cases and the three point couplings {κm} in the tree level of closed string.
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There we obtain general formulae for c(l)’s as some linear combinations of multiple integrals.
Also it is known that the closed string amplitudes {κm} can be calculated recursively [12, 13,
14] by associativity relations of operators for Fano manifolds. In our case these associativities
appear naturally as integrable conditions for a set of differential equations satisfied by the
c(l)’s in open string theory. Applying these recipes developed in the section, we evaluate the
open string amplitudes with disklike topology for projective spaces CPN (N = 1, 2, 3), a
Grassmann manifold Gr(2, 4) and a degree 3 hypersurface M4,3 in CP
4 concretely. In these
Fano cases, to avoid complexity and to make the analyses clear, we restrict ourselves to
switch on only marginal Ka¨hler parameters and write down their detailed results.
Section 5 is devoted to conclusions and comments. In appendix A, we collect several
results of the expansion coefficients for Calabi-Yau cases in lower dimensions. We summarize
calculations for a Fermat type Calabi-Yau d-fold with one Ka¨hler modulus in appendix B.
2 Topological Sigma Models
In this section, we shall review non-linear sigma models [10] and their possible boundary
conditions. Also we explain relations between period matrices with disk amplitudes in topo-
logical sectors in these models.
2.1 Boundary Conditions
We shall analyse the moduli spaces in the type II superstring on Calabi-Yau manifold M.
Let us consider two dimensional N = 2 susy sigma model with Calabi-Yau target space.
Bosonic fields X i, X ı¯ in this model are maps from Riemann surface Σ to the target manifold
M. The system contains four world sheet fermions ψiL, ψ
ı¯
L, ψ
i
R and ψ
ı¯
R. The subscripts L, R
represent respectively left-, right-movers on the world sheet. The superscripts i, ı¯ are Ka¨hler
coordinate indices of target manifold with Ka¨hler metric gi¯. In an infrared fixed point, there
are N = 2 superconformal symmetries in this system and we express a set of super conformal
currents as
(TL, G
±
L , JL) , (TR, G
±
R, JR) .
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The TL,R are energy momentum tensors and G
±
L,R are their super partners. The U(1) currents
JL,R are essentially pull-backs of a Ka¨hler form K := kµνdX
µ∧ dXν 1 of the target manifold
to Riemann surface,
JL = kµνψ
µ
Lψ
ν
L , JR = kµνψ
µ
Rψ
ν
R . (2. 1)
When we consider open strings, these left- and right-part energy momentum tensors TL,R
are not independent and related at boundary, TL = TR. For super stress tensors G
±
L,R and
U(1) currents JL,R, there are two types of boundary conditions [11]
2 in terms of a closed
string channel
A-type ; G−L = ±iG
−
R , JL = −JR . (2. 2)
B-type ; G+L = ±iG
−
R , JL = +JR , (2. 3)
In the A-type conditions, the left and right U(1) charges have same absolute values but with
opposite signs on the boundary. On the other hand, the two charges are identified with same
sign for the B-type boundary cases. These equations (2. 2), (2. 3) can be solved and give
us relations for fields X and ψ
∂zX
µ = Rµν∂z¯X
ν , ψ
µ
L = ±iR
µ
νψ
ν
R ,
gµνR
µ
ρR
ν
σ = gρσ . (2. 4)
The matrix R connects left- and right-movers on the boundary and its eigenvalues take ±1. It
essentially contains information about open string boundary. We impose Neumann boundary
conditions on coordinates Xµ with +1 eigenvalue indices. Vectors with −1 eigenvalue satisfy
Dirichlet conditions
Let us apply the Eqs.(2. 4) to a homology p-cycle γ of the Calabi-Yau d-fold. Tangential
directions of γ have free boundary conditions and are described by p dimensional coordinates
{yA} (A = 1, 2, · · · , p). Normal directions to γ are parametrized by {ya} (a = p + 1, p +
2, · · · , 2d) and have fixed boundary conditions. As a first case we take A-type conditions.
Then the Ka¨hler form must satisfy a relation
kµνR
µ
ρR
ν
σ = −kρσ . (2. 5)
1The indices µ, ν are real coordinates of the target Ka¨hler manifold.
2We use the terms “A-type”, “B-type” for boundary conditions oppositely to expressions in ref.[11]. It
is convenient to use this convention in discussing disk amplitudes from the point of view of topological A-,
B-models.
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When one decomposes the kµν in terms of the y
A and ya, the block off-diagonal parts kaB
and kAb are the only non-vanishing components that satisfy Eq.(2. 5). The non-degeneracy
of the kµν leads us to a restriction on p as p = d. Thus the homology cycle with A-type
conditions are real d dimensional submanifold.
Next the B-type conditions impose a relation on Ka¨hler form
kµνR
µ
ρR
ν
σ = +kρσ . (2. 6)
Non-zero parts of kµν with Eq.(2. 6) are block diagonal elements and the p turns out to
be even by the non-degeneracy of kµν . The corresponding cycle is able to have a complex
structure derived from its Ka¨hler form.
Mirror transformation changes the sign of the right U(1) current and exchanges the
A-type and B-type conditions. Then the transformation relates d-dimensional cycles of
Calabi-Yau d-fold M to even dimensional ones of a partner manifold W .
2.2 Disk Amplitudes
In this subsection, we study boundary states [15, 16] for topological sigma models with
Calabi-Yau target spaces M. The boundary state |B〉 is respectively defined by equations for
the A-type and B-type cases in the closed string channel [11]
A-type ; (G−L ∓ iG
−
R)|B〉 = 0 , (JL + JR)|B〉 = 0 , (2. 7)
B-type ; (G+L ∓ iG
−
R)|B〉 = 0 , (JL − JR)|B〉 = 0 , (2. 8)
The state is a sort of source of closed strings and emits various fields. A disk amplitude is
characterized by the state |B〉 and inserted operators on Riemann surface Σ. For topological
models, the boundaries of Σ’s are mapped into homology cycles γ ⊂ M and inserted operators
are topological observables associated with some cohomology elements. We will show details
of topological models.
In order to obtain topological versions of the N = 2 non-linear sigma model, let us
consider alternations (twistings) of bundles on which fermions take values. We change spins
of fermions by an amount depending on their U(1) charges. As a result fermions take values
not on spin bundles but on (anti-)canonical bundles. We are interested in two cases (A-,
B-models). In the A-model case, the fermions ψiL and ψ
ı¯
R become spin zero fields on the
Riemann surface Σ. The remaining fields ψ ı¯L (ψ
i
R) come to be respectively holomorphic
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(anti-holomorphic) one forms on Σ. When we consider a B-type twisting, each right mover
ψiR, ψ
ı¯
R has the same spin as that in the A-model. But the roles of ψ
i
L, ψ
ı¯
L are exchanged
in compared to the A-type case. We summarize spin zero fields on Σ for these topological
models and their associated super charges Q’s
spin zero fields supercharges
A-model ; ψiL , ψ
ı¯
R Q
+
L , Q
−
R
B-model ; ψ ı¯L , ψ
ı¯
R Q
−
L , Q
−
R
.
In the A-model, local observables are defined as BRST cohomologies of a BRST charge
QA := Q
+
L +Q
−
R. We can associate an arbitrary de Rham cohomology element with a phys-
ical observable in the A-model. Similarly B-model observables are associated to Dolbeault
cohomology elements induced by a BRST charge QB := Q
−
L + Q
−
R. Topological sectors in
the disk amplitudes are described respectively by A-, B-models depending on A-, B-type
boundary conditions.
Let us first consider the B-type boundary conditions. The requirement for U(1) currents
JL = JR at the boundary means the identification of left and right U(1) charges qL =
qR. Physical observables of B-model with charges (q, q) correspond to middle cohomology
elements vq ∈ H
q,d−q(M) and we write the associated operators as φ˜q’s. Disk amplitudes with
one inserted operator φ˜q is calculated as an inner product |φ˜q〉 and |B〉
c˜q := 〈φ˜q|B〉 .
These B-model amplitudes are known to be independent of Ka¨hler moduli and we can take
large volume limit. Then classical calculation is exact and there are no quantum correc-
tions. The non-zero contributions in the topological sector from the |B〉 are described by
d dimensional homology cycle γ˜ because of charge conservation. Poicare´ dual of this γ˜ is
some middle cohomology element and one can expand it by a set of basis {vq}. Considering
a state |vq〉B for each vq with |B〉top =
∑
q |vq〉BB〈vq|B〉, we define a part of boundary state
|γ˜〉 associated with the cycle γ˜ as some linear combination of |vq〉B’s. Then disk amplitudes
are calculated as period integrals for Calabi-Yau d-fold M
c˜q(γ˜) = 〈φ˜q|γ˜〉 =
∫
γ˜
vq ,
vq ∈ H
q,d−q(M) , γ˜ ∈ Hd(M) . (2. 9)
When we choose a canonical homology basis {γ˜k} for Hd(M), the amplitudes are collected
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into a matrix Π˜
Π =


γ˜m
φ˜l c˜l(γ˜m)

 . (2. 10)
This is the usual period matrix of complex moduli spaces of Calabi-Yau manifolds.
Next we shall turn to the A-type boundary conditions. Because of the identification of
U(1) charges qL = −qR ≡ q on the boundary, physical operators O(l)’s for this A-model
are associated with even dimensional cohomology elements el ∈ H
l,l. More precisely the
operators are elements of cohomology of moduli space of holomorphic maps and contain
information about world sheet instantons. In this model, disk amplitude cl is defined for
each inserted operator O(l)
cl = 〈O
(l)|B〉 . (2. 11)
That is independent of complex structure moduli but depends on Ka¨hler moduli of M.
When we introduce boundary state |γ〉 associated with even dimensional homology cycle
γ ∈ ⊕H2l, only non-vanishing contributions to the cl come from |γ〉 in |B〉. We put together
cl(γm) = 〈O(l)|γm〉 into one matrix Π by using a set of canonical basis γm in ⊕H2k,
Π =


γm
O(l) 〈O(l)|γm〉

 .
Components of this Π contain world sheet instanton corrections. We will analyse these
amplitudes in the next section by using mirror symmetry.
3 Disk Amplitudes of A-Model
In this section we investigate disk amplitudes in the A-model for Calabi-Yau target cases. We
analyse fusion structures of A-model operators and study relations between disk amplitudes
and fusion couplings.
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3.1 Calabi-Yau 3-fold
Let M be an arbitrary Calabi-Yau 3-fold with a Hodge number h11 = ̺. We focus on a
set of cohomology elements {e(0), e(1)i , e
(2)
j , e
(3)} (i, j = 1, 2, · · · , ̺) in the vertical part e(l) ∈
Hl,l(M,Z) (l = 0, 1, 2, 3) and write an A-model operator associated with e(l) as O(l). We
choose a canonical basis of the homology cycles
γ = {α0, αi, βi, β0} ∈ ⊕ℓH2ℓ,
and consider disk amplitudes c(l)(γ) associated with operators O(l) (l = 0, 1, 2, 3).
Correlators for A-model is defined as a path integral over holomorphic maps from Σ to
M
〈· · ·〉 :=
∫
Σ
DX e
∑
l≥0
∑
il
t
(l)
il
O
(l)
il · · · . (3. 12)
(We use an abbreviated notation about zero modes of fermions in the measure. In section
(3.3), we write down precise forms about correlators including fermion zero modes.) The
set of parameters {t(ℓ)} is a background source and each t(ℓ)iℓ
3 couples with an associated
operator O(ℓ)iℓ with a definite degree 2ℓ of the BRST cohomology.
In considering Calabi-Yau cases we switch off all background sources except for marginal
ones and we write these non-vanishing (Ka¨hler) parameters ti := t
(1)
i in an abbreviated form.
Operator products are represented linearly in the correlator 〈O(l)O(m) · · ·〉
O(1)i O
(0) = O(1)i ,
O(1)i O
(1)
j = κijkO
(2)
k ,
O(1)i O
(2)
j = ηijO
(3) ,
O(1)i O
(3) = 0 . (3. 13)
The ηij is topological metric ηij := 〈O
(1)
i O
(2)
j 〉 and is independent of moduli parameters.
The κijk is three point function on sphere and we regard it as an (i, j) component of a
matrix κi. When we define an inverse matrix κ−1i of the κi, the O(2) can be expressed as
an operator product of two O(1)s
O(2)l =
∑
j
(κ−1i )l
j
O(1)i O
(1)
j . (3. 14)
3The superscript (ℓ) for the t
(ℓ)
iℓ
represents a degree 2ℓ of a cohomology element e
(ℓ)
iℓ
∈ H2ℓ(M) associated
with an A-model operator O
(ℓ)
iℓ
. The subscript iℓ of the letter t
(ℓ)
iℓ
labels each individual operator with a
fixed degree 2ℓ.
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Let us first pick the amplitude c(0)(γ) = 〈O(0)|γ〉 and take its derivative with respect to
a Ka¨hler parameter ti. The action of this derivative on the amplitude is insertion of an
operator O(1)i in the correlator
∂tic
(0)(γ) = 〈O(1)i O
(0)|γ〉 . (3. 15)
Further the right hand side in Eq.(3. 15) turns out to be c
(1)
i (γ) := 〈O
(1)
i |γ〉 because of fusion
relations Eq.(3. 13). In applying the same method as c
(2)
l (γ) case, we can relate the c
(2)
l to
c
(1)
i
∂tjc
(1)
i (γ) = ∂ti∂tjc
(0)(γ)
= 〈O(1)i O
(1)
j |γ〉
=
∑
l
(κi)j l〈O(2)l |γ〉
=
∑
l
(κi)j lc(2)l (γ) .
That is, the c(2) is written as a linear combination of second order derivatives of c(0)
c
(2)
l (γ) =
∑
j
(κ−1i )l
j
∂ti∂tjc
(0)(γ) . (3. 16)
Also a derivative of l.h.s. of Eq.(3. 16) is associated to c(3)(γ)
c(3)(γ) =
∑
i
ηmi〈O(1)i O
(2)
m |γ〉
=
∑
i
ηmi∂tic
(2)
m (γ)
=
∑
i,j
ηmi∂ti(κ−1l )m
j
∂tl∂tjc
(0)(γ) . (3. 17)
Thus all disk amplitudes can be calculated if we know the c(0)(γ) for an arbitrary homology
cycle γ. But the γ is expressed as some linear combination of canonical basis (α0, αi, βj, β0)
and all we have to do is to evaluate the functions c(0)(α)’s and c(0)(β)’s. It is difficult to
calculate these disk amplitudes in A-model directly. But the corresponding ones in the B-
model side are period integrals themselves and we can estimate them classically. Furthermore
there are mirror maps between Ka¨hler moduli parameters {ti} and complex moduli ones {ψj}
in some mirror partner W. Using these mirror maps ti = ti(ψj), we obtain the c
(0)’s in A-
model associated with M
c(0)(α0) = 1 , c(0)(αi) = ti ,
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c(0)(βi) = ∂iF , c
(0)(β0) = t
i∂iF − 2F ,
∂i :=
∂
∂ti
. (3. 18)
Here the F is a prepotential of the Ka¨hler moduli space and is expanded in a power series
with respect to instanton multi-degrees {m} := {m1, m2, · · ·m̺}
F =
1
6
κ(0)ijkt
itjtk + a+ f ,
f :=
1
(2πi)3
∑
{m}
N{m}Li3(q
{m}) , q{m} := exp
(
2πi
∑̺
i=1
mit
i
)
,
κ(0)ijk :=
∫
M
e
(1)
i ∧ e
(1)
j ∧ e
(1)
k ( e
(1)
i ∈ H
2(M;Z) ) . (3. 19)
The “a” is a contribution from sigma model loops and is related to a Euler number χ of M,
a = − i
2
ζ(3)
(2π)3
χ. We collect all these results into one matrix Π
Π =


α0 αi βj β0
O(0) 1 ti ∂jF t
i∂iF − 2F
O
(1)
l
0 δl
i ∂l∂jF t
i∂l∂iF − ∂lF
O
(2)
m 0 0 ηmj ηmnt
n
O(3) 0 0 0 1


=


k n
1 0 ∂nf −2f − 2a
l 0 δl
k ∂n∂lf −∂lf
m 0 0 ηmn 0
0 0 0 1


×


i j
1 ti 1
2
κ
(0)
jrst
rts 1
6
κ(0)urst
utrts
k 0 δk
i κ
(0)
jkrt
r 1
2
κ
(0)
krst
rts
n 0 0 δnj t
n
0 0 0 1

 (3. 20)
Also we can rewrite 2nd matrix as
exp(N (t)) =


1 ti 1
2
κ
(0)
jrst
rts 1
6
κ(0)urst
utrts
0 δk
i κ
(0)
jkrt
r 1
2
κ
(0)
krst
rts
0 0 δnj t
n
0 0 0 1

 ,
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N (t) :=


0 tt 0 0
0 0 t ·κ(0) 0
0 0 0 t
0 0 0 0

 , (3. 21)
(t ·κ(0))jk :=
∑
i
tiκ(0)ijk .
The 1st matrix in the second line in Eq.(3. 20) is invariant under a monodromy trans-
formation t → t + m with ∃m ∈ Z⊗̺. But the 2nd matrix exp(N (t)) changes into
exp(N (t)) · exp(N (m)) and has a non-trivial monodromy property. It reflects the fact
that the homology cycles belong to mixed combinations ⊕lm=0H2m of homology groups with
different dimensions. Concretely the set of homology basis {α0, αi, βi, β0} receives an effect
under this transformation and linearly changes into a form
(α0 αi βi β0)→ (α
0 αi βi β0) · exp (N (m)) .
In the D-brane language, these homology cycles are wrapped by D-branes with appropriate
dimensions. The 0-cycle α0 is invariant under the above monodromy transformations and
corresponds to a D0-brane in the IIA string theory. When we turn to the mirror W, the
corresponding cycle is a unique fundamental 3-cycle Γ in H3(W), which is dual to an element
of H3,0(W). When we consider a patch X5 = 1 in the Fermat type case and take a set of
variables (X1, X2, X3) as independent coordinates of the W, the cycle Γ is obtained
Γ := {(X1, X2, X3) ∈ C
3 ; |Xi| = 1 (i = 1, 2, 3)} .
It is a real 3-dimensional torus itself and its structure is universal for all the toric cases. This
fact illustrates a conjecture that an arbitrary Calabi-Yau 3-fold is realized as a torus fibered
space over some 3-dimensional special Lagrangian manifold [17]. Next we consider other
cycles. The αi, βj, β0 are wrapped respectively by D2-, D4-, D6-branes. The monodromy
transformation mixes all these cycles with different dimensions. Also when one shifts a
complexified Ka¨hler parameter ti by a constant real number, an NS-NS 2-form B-field changes
into B → B+ζ for some ζ ∈ H2(M). It implies an existence of Chern-Simons term C∧exp(B)
for even form Ramond-Ramond (RR) fields C :=
∑
m≥0 C
(2m)’s in IIA string.
On the other hand, quantum corrections in the disk amplitudes are essentially encoded
in the function f . But f is originally a generating function of instanton numbers, more
precisely Euler numbers of instanton moduli spaces with a fixed degree, in the closed string
11
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Figure 1: The prepotential F is written as a sum of products of disk amplitudes associated
with canonical basis {α} and {β}. A pair of canonical cycles is glued on their disk boundaries
and constructs a sphere.
tree amplitudes. Why do they appear here? Recall the prepotential formula obtained in
[18].
F =
1
2
(ω(1) iω
(2)
i − ω
(0)ω(3)) .
Here the ω(0), ω(1) i, ω
(2)
j , ω
(3) are normalized periods with ω(0) = 1 in mirror side. In our
results, these ω’s are interpreted as disk amplitudes c(0)’s when they are rewritten in terms
of variables {ti},
ω(0) = c(0)(α0) , ω(1) i = c(0)(αi) ,
ω
(2)
j = c
(0)(βj) , ω
(3) = c(0)(β0) .
Thus the F is a sum of combinations of these disk amplitudes
F =
1
2
(c(0)(αi)c(0)(βi)− c
(0)(α0)c(0)(β0)) . (3. 22)
That is, we glue two disks at their boundaries and obtain a sphere. It is shown in Fig 1
schematically.
Eq.(3. 22) relates instantons in disk amplitudes with world sheet quantum corrections in
sphere. Geometrical meaning of the disk amplitudes will be explained in section 3.3. In the
next subsection we extend the recipe in the 3-fold case to d-dimensional Calabi-Yau cases.
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3.2 Calabi-Yau d-fold
We restrict ourselves to consider a Calabi-Yau d-fold M represented as a Fermat-type hyper-
surface embedded in CP d+1
p := XN1 +X
N
2 + · · ·+X
N
N = 0 ,
N := d+ 2 .
Non-vanishing Hodge numbers hp,q of this d-fold appear only in the primary vertical (⊕pH
p,p)
and primary horizontal (⊕pH
d−p,p) subspaces [19]
hp,q = δp,q (0 ≤ p ≤ d , 0 ≤ q ≤ d , p + q 6= d) ,
hd−p,p = δ2p,d +
p∑
l=0
(−1)l
(
d+ 2
l
)
·
(
(p+ 1− l)(d+ 1) + p
d+ 1
)
(0 ≤ p ≤ d) .
When d is odd, the vertical and horizontal parts are completely decoupled each other. But
in even dimensional case, there are middle cohomology elements in Hd/2,d/2. Products of
Ka¨hler element e analytically produce only one element in this middle group and we focus
on this from now on. Let Hl,lJ ’s be analytic subgroups in H
l,l generated from the Ka¨hler form
e. Each Hl,lJ is spanned by one element e
l and we write a corresponding A-model operator as
O(l) (l = 0, 1, · · · , d). Fusion structures of these operators are investigated in [20, 21, 22, 23]
O(1)O(j−1) = κj−1O(j) (1 ≤ j ≤ d) ,
O(1)O(d) = 0 . (3. 23)
We switch on only one background source “t” in the A-model correlator, which is the Ka¨hler
moduli parameter. In the point of view of mirror symmetry, it is a mirror map itself and is
a function of a complex moduli parameter ψ of a mirror W
t(ψ) =
N
2πi
[
log(Nψ)−1 +
∞∑
n=1
(Nn)!
(n!)N

 Nn∑
l=n+1
1
l

 · (Nψ)−n
∞∑
m=0
(Nm)!
(m!)N
· (Nψ)−m
]
. (3. 24)
Also q is defined as “q := exp( 2πi t)”. A canonical basis of homology cycles is chosen
as γl ∈ ⊕lm=0H2l. Disk amplitudes c
(0)(γ)’s associated with an operator O(0) are periods
themselves if they are expressed by the variable “ψ” in the mirror side, but one can translate
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the amplitudes into A-model side by the mirror map t = t(ψ). They are collected into one
matrix u0
u0 :=
( γ0 γ1 · · · γd
O(0) c(0)(γ0) c
(0)(γ1) · · · c(0)(γd)
)
= ( a0 a1 a2 · · · ad ) · exp(tN ) ,
N :=


0 1 0
0 1
0 1
. . .
. . .
0 1
0 0


.
The matrix exp(tN ) has information about monodromy properties of homology cycles. Un-
der some constant shift of real part of t→ t+1, that is, a shift of an NS-NS B-field in string,
the homology cycles mix each other
(γ0 γ1 · · · γd)→ (γ0 γ1 · · · γd) · exp (N ) . (3. 25)
Because each cycle γm is related with a Dm-brane, the result reflects a Chern-Simons term
for even form “RR-fields” C ∧ exp(B) with C :=
∑d
m=0C
(2m). Physically the meanings of
these “RR-fields” are not clear for higher dimensional (> 5) Calabi-Yau cases in the context
of compactified string theories. But as mathematical interest, we expect that these “fields”
would be realized as some characteristic classes of some vector bundle over the Calabi-Yau
moduli space. Probably mirror symmetries will be formulated mathematically beyond the
range of type II string theories.
In contrast to the exp(tN ), the functions {am} are single-valued with respect to “t”. It
reads concretely
 a0 = 1 , a1 = 0 ,an = Sn(0, x˜2, · · · , x˜n) (n = 2, 3, · · · , d) ,
x˜m :=
1
m!
(
1
2πi
∂
∂ρ
)m
log
[
∞∑
l=0
Γ(N(l + ρ) + 1)
Γ(Nρ+ 1)
{
Γ(ρ+ 1)
Γ(l + ρ+ 1)
}N
(Nψ)−Nl
]∣∣∣∣∣
ρ=0
(m = 2, 3, · · · , d) .
The Sn is a Schur function defined as
exp
(
∞∑
m=1
wny
n
)
=
∞∑
n=0
Sn(w1, w2, · · · , wn)y
n .
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These an’s (n ≥ 2) are expanded as power series with respect to q. Furthermore all the
amplitudes c(l)(γm)’s are put together into a matrix Π by taking into account of fusion
relations (3. 23)
Π :=


u0
u1
...
ud

 ,
ul =
1
κl−1
∂t
1
κl−2
∂t · · ·∂t
1
κ1
∂t
1
κ0
∂tu0 (1 ≤ l ≤ d) ,

κm = ∂t
1
κm−1
∂t
1
κm−2
∂t · · ·∂t
1
κ1
∂t
1
κ0
∂tc
(0)(γm+1) (1 ≤ m ≤ d− 1) ,
κ0 = 1 .
We use a convention that a topological metric is expressed as ηij := 〈O
(i)O(j)〉 = Nδi+j,d.
The symbol κl is an abbreviated form of κ1ℓℓ+1 = κ1ℓmηmℓ+1. The leading terms in the
q-expansions of them are constants κℓ = 1 + O(q) or κ1ℓm = N + O(q). The matrix Π is
an upper triangular one with all unit diagonal elements. If we introduce multiple integral
matrix Im as
Im(t) :=
∫ t
dt0κt(t0)
∫ t0
dt1κt(t1)
∫ t1
dt2 · · ·
∫ tm−2
dtm−1κt(tm−1) ,
κt :=


0 κ0 0
0 κ1
0 κ2
. . .
. . .
0 κd−2
0 κd−1
0 0


,
the Π is written as a path ordered integral form
Π =
d∑
m=0
Im(t)
= Pexp
(∫
C
dtκt
)
. (3. 26)
The symbol Pexp(· · ·) means a path ordered exponential along a contour C in the Ka¨hler
parameter space with the coordinate t. If we fix two end points of C, the result does not
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depend on the choice of contour as far as the C does not enclose any singular points in the
parameter spaces. It is ensured locally by an integrable relation [∂t −κt, ∂t − κt] = 0 of a
differential equation
(∂t −κt)Π = 0 .
This is equivalent to [κt,κt] = 0 or κiκj = κjκi in components. It is associativity relations
of operators themselves.
But if the C encircles some singular point, there is an arbitrariness in defining Π. Then
the Π have global monodromy properties. In fact there are three singular points on the
t-plane in this model. The first is the infinity point t =∞ we considered here. The second is
the t = t(ψ = 1) point. In the language in the mirror side W, it is a conifold-like point for an
arbitrary odd dimensional case 4 and curvature in its moduli space blows up at this point. In
the neighbourhood of the point, the topology of a vanishing cycle is a d dimensional sphere
with the radius proportional to (ψ−1)1/2 when we restrict ourselves to real locus. This sphere
is homologically equivalent to a cycle β0, which is canonically dual to the fundamental one
α0. The α0 is 0-cycle in A-model and is wrapped by a D0-brane. The corresponding one in
the mirror side is a fundamental d-cycle Γ that is equivalent to a real d-dimensional torus
T d topologically. When we consider a patch Xd+2 = 1 in this case and take a set of variables
(X1, X2, · · · , Xd) as independent coordinates of the W, the cycle Γ is represented
Γ := {(X1, X2, · · · , Xd) ∈ C
d ; |Xi| = 1 (i = 1, 2, · · · , d)} .
This exemplifies a torus fibered structure of the Calabi-Yau d-fold. The remaining singular
point is an orbifold-like point t = −
1
2
+
i
2 tan
π
N
(≡ t0). There is an ZN symmetry around
this point. In the B-model side , this discrete symmetry acts on the complex parameter ψ ∼ 0
as a rotation ψ → exp(2πi
N
) · ψ. It originates from a orbifold group of the mirror manifold
W. This symmetry separates the parameter ψ into N regions 2π
N
m ≤ argψ < 2π
N
(m + 1)
(m = 0, 1, · · · , N − 1) and there are N large complex structure points. In the t-plane the
corresponding N regions emanate from the point t0. Only one large complex structure point
is mapped to a large radius limit point with Imt = +∞. On the other hand, all the remaining
(N − 1) points are mapped to an original point t = 0, that is, a small radius point. By an
4There is a branch cut ∼ (1 − ψ)
d−1
2 for a period in even dimensional case. We do not have any clear
geometrical interpretation of these cuts in contrast to vanishing cycles in odd dimensional cases.
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(l) (m) (l) (m)
=
κ κ κ κi j j i
(i) (j)
Figure 2: Integrable conditions are equivalent to associativity relations for inserted operators.
action of the rotation, the large radius region is transformed into one of small radius regions.
Let us recall the form of the instanton expansion parameter q = exp(2πiRet) · exp(−2πImt).
In the N − 1 regions containing Imt = 0, the expansion parameter q is large and non-
perturbative effects seems to be intensive.
Around each of these three kinds of singular points, there is an associated monodromy
transformation. Investigation about properties of these singular points will lead us to deeper
understanding of mirror symmetries and relations between some (gauge) bundles over D-
brane moduli spaces of M and mirror manifold W itself.
We will return to the disk amplitudes. The Eq.(3. 26) gives us relations between three
point functions on sphere and disk amplitudes in A-model for d-fold. Essentially instanton
corrections are contained in the al’s. They are invariant under the discrete integer shift of t.
Some explicit calculations for low dimensions are summarized in appendix A.
Next we study another example:
M ; Xd+11 +X
d+1
2 + · · ·+X
d+1
d +X
2(d+2)
d+1 +X
2(d+2)
d+2 = 0
in Pd+1[ 2, 2, · · · , 2︸ ︷︷ ︸
d times
, 1, 1 ](2(d+ 1)) .
Ka¨hler moduli of this model is generated by two elements in H2(M) and we write two Ka¨hler
parameters associated with them as t and s. They are mirror maps themselves
t(x, y) =
1
2πi
g1
g0
, s(x, y) =
1
2πi
g2
g0
,
g0(x, y) =
∑
m,n≥0
((d+ 1)m)!
(m!)d(m− 2n)!(n!)2
xmyn ,
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g1(x, y) = g0(x, y) log x+
[ ∑
m,n≥0
((d+ 1)m)!
(m!)d(m− 2n)!(n!)2
xmyn
×[(d+ 1)Ψ((d+ 1)m+ 1)− dΨ(m+ 1)−Ψ(m− 2n+ 1)]
]
,
g2(x, y) = g0(x, y) log y +
[ ∑
m,n≥0
((d+ 1)m)!
(m!)d(m− 2n)!(n!)2
xmyn
×2[Ψ(m− 2n + 1)−Ψ(n+ 1)]
]
.
Here the x and y are complex moduli parameters for a mirror W in the B-model. Analytical
subgroups of vertical homology classes are characterized by a set of canonical basis
{γ(0), γ(1)1 , γ
(1)
2 , · · ·γ
(d−1)
1 , γ
(d−1)
2 , γ
(d)} .
The γ(l) belongs to some combination of homology groups ⊕lm=0H2m(M).
Let us consider disk amplitudes c(0)(γ) associated with the operator O(0). They are
represented as components of a row vector u0
u0 :=
(
c(0)(γ(0)) c(0)(γ
(1)
1 ) c
(0)(γ
(1)
2 ) · · · c
(0)(γ
(d−1)
1 ) c
(0)(γ
(d−1)
2 ) c
(0)(γ(d))
)
=
(
a˜0 a˜1 c˜1 a˜2 c˜2 · · · a˜d−1 c˜d−1 2a˜d + c˜d
)
· exp(tN (1) + sN (2)) .
The sets of functions a˜ and c˜ are defined by recursion equations
a˜k := aˆk
∣∣∣
ρ1=ρ2=0
, c˜k := cˆk
∣∣∣
ρ1=ρ2=0
,

aˆ0 = 1 , aˆ1 = 0 ,
aˆk =
1
k
(Dρ1aˆk−1 + T aˆk−2) (k = 2, 3, · · ·) ,
,


cˆ0 = 0 , cˆ1 = 0 ,
cˆk+2 =
1
k + 1
(Dρ1 cˆk+1 + T cˆk + Saˆk) (k = 0, 1, · · ·) ,
T := D2ρ1 log V (x, y, ; ρ1, ρ2) ,
S := Dρ1Dρ2 log V (x, y, ; ρ1, ρ2) ,
V (x, y, ; ρ1, ρ2) :=
∑
m,n≥0
Γ[(d+ 1)(m+ ρ1) + 1]
Γ[(d+ 1)ρ1 + 1]
×
[
Γ[1 + ρ1]
Γ[m+ 1 + ρ1]
]d
×
[
Γ[1 + ρ2]
Γ[n+ 1 + ρ2]
]2
×
[
Γ[1 + ρ1 − 2ρ2]
Γ[m− 2n+ 1 + ρ1 − 2ρ2]
]
xmyn .
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We use the symbol Dρ as
1
2πi
∂
∂ρ
. These two sets of functions a˜’s and c˜’s contain information
about quantum corrections in the disk amplitudes. The vector u0 have non-trivial mon-
odromies around t = ∞ and s = ∞ and their properties are characterized by two matrices
N (1) and N (2)
N (1) :=


1︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ · · · 2︷︸︸︷ 1︷︸︸︷
1 { 0 e(1)1 O
2 { 0 I
2 { 0 I
...
. . .
. . .
2 { 0 I
2 { 0 e(2)1
1 { O 0


,
N (2) :=


1︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ · · · 2︷︸︸︷ 1︷︸︸︷
1 { 0 e(1)2 O
2 { 0 I ′
2 { 0 I ′
...
. . .
. . .
2 { 0 I ′
2 { 0 e(2)2
1 { O 0


,
e
(1)
1 = ( 1 0 ) , e
(2)
1 =
(
2
1
)
,
e
(1)
2 = ( 0 1 ) , e
(2)
2 =
(
1
0
)
,
I =
(
1 0
0 1
)
, I ′ =
(
0 1
0 0
)
.
These N (1) and N (2) are commutable with each other [N (1),N (2)] = 0 and satisfy nilpotent
relations
(
N (1)
)d+1
= 0 ,
(
N (2)
)2
= 0 . (3. 27)
When one shifts t and s as t → t + m(1) and s → s + m(2) (∃m(1), ∃m(2) ∈ Z), the set of
19
canonical homology basis is transformed
(γ(0) γ
(1)
1 γ
(1)
2 · · · γ
(d−1)
1 γ
(d−1)
2 γ
(d))
→ (γ(0) γ(1)1 γ
(1)
2 · · · γ
(d−1)
1 γ
(d−1)
2 γ
(d)) · exp
(
m(1)N (1) +m(2)N (2)
)
,
and various D-branes with different dimensions mix one another. It implies a Chern-Simons
interaction term between “RR-fields” and an NS-NS 2-form B similarly to the previous
example. We make one remark here: The 0-cycle γ(0) is invariant under the monodromy
transformations and is associated with a D0-brane. It corresponds to a unique fundamental
cycle Γ in the B-model moduli space. The Γ is the same cycle as that in previous example
and is topologically equivalent to T d. These torus structures seem to be universal for any
d-dimensional Calabi-Yau manifolds (at least for Calabi-Yau manifolds realized as some
(complete intersection of) zero loci of ambient toric varieties).
We shall go back to the disk amplitudes. Let O(1)t , O
(1)
s be A-model operators coupled
with parameters t, s respectively associated with two elements in the H2(M). When we switch
on only marginal background operators in the A-model, fusion relations for this mode are
expressed linearly as
O(1)i O
(0) = O(1)i ,
O(1)i O
(l)
j = κ
(l) k
ij O
(l+1)
k ,
O(1)i O
(d) = 0 ,
where the i, j, k run over t or s. We can define two kinds of fusion matrices κt and κs
κi :=


1︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ · · · 2︷︸︸︷ 1︷︸︸︷
1 { 0 κ(0)i O
2 { 0 κ(1)i
2 { 0 κ(2)i
...
. . .
. . .
2 { 0 κ(d−2)i
2 { 0 κ(d−1)i
1 { O 0


, (3. 28)
κ(0)t := ( 1 0 ) , κ(0)s := ( 0 1 ) ,
κ(d−1)t :=
(
1
0
)
, κ(d−1)s :=
(
0
1
)
,
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(
κ(l)i
)
j
k
:= κ(l) kij = κ
(l)
ijmη
mk (l = 1, 2, · · · , d− 2) ,
ηij := 〈O
(1)
i O
(d−1)
j 〉 = (d+ 1) ·
(
2 1
1 0
)
.
All the amplitudes c(l)(γ(m)) are constructed by transforming the fusion structure into a disk
amplitude matrix Π. We can express the results in a compact form by applying the same
recipe developed in the previous example
Π = Pexp
(∫
C
dtκt + dsκs
)
,
κt := ∂tF , κs := ∂sF ,
F :=


1︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ 2︷︸︸︷ · · · 2︷︸︸︷ 1︷︸︸︷
1 { 0 M (0) O
2 { 0 M (1)
2 { 0 M (2)
...
. . .
. . .
2 { 0 M (d−2)
2 { 0 M (d−1)
1 { O 0


.
Block components in the matrix F are defined as
M (0) = ( t s ) , M (d−1) =
(
t
s
)
,
M (l) =
(
t s
0 t
)
+ A
(l)
0 (l = 1, 2, · · · , d− 2) ,

A
(1)
0 =
(
∂ta˜2 ∂tc˜2
∂sa˜2 ∂sc˜2
)
,
A(1)n =
(
a˜n+1 + ∂ta˜n+2 c˜n+1 + ∂tc˜n+2
∂sa˜n+2 a˜n+1 + ∂sc˜n+2
)
(n = 1, 2, · · ·) ,
A(m+1)n = (I + ∂tA
(m)
0 )
−1 ·
(
A(m)n + ∂tA
(m)
n+1
)
(m ≥ 1) .
In d-dimensional cases, we have treated the one modulus and two moduli models concretely.
But the method developed here is not restricted to these cases and the structure of mixing
between homology cycles and monodromy properties are expected to be universal for arbi-
trary d-folds. In Appendix B, we show results for general Fermat-type Calabi-Yau d-fold
case.
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3.3 Geometrical meaning of A-model Amplitudes
Now let us concentrate on the topological meaning of these A-model disk amplitudes. The
amplitude is defined as a path integral form with an operator O(l) and a homology cycle Γm
with a definite (real) dimension 2m
〈O(l)(P )|Γm〉 :=
∫
Σ
D[X,ψ0] e
−SeffetO
(1)
O(l)(P ) .
Configuration of bosonic fields is dominated by holomorphic instantons from Riemann surface
Σ to the target manifold M. That is defined as a set of the complex structure J of Σ and
holomorphic maps X . Also the boundary of Σ is mapped into the homology cycle Γm ⊂ M.
The Seff is an effective action for fermionic zero-modes and is expressed as the Mathai-
Quillen formula
Seff :=
(
ψ ı¯L 0,Rı¯jψ
j
R 0
)
.
Here the inner product is defined by hermitian metrics and the R is a curvature form of a
vector bundle V over the holomorphic maps. Fiber of V is spanned by cokernel of a covariant
derivative ∇. After integration of 1-form parts of the zero-modes ψ0, the Seff leads us to a
Chern class c(V). The remaining zero modes govern moduli space of stable maps Ml,m;n. It
is a set of one market point P on Σ and holomorphic maps X with degree n
Ml,m;n := {X : Σ→ M (hol. map with degX = n) ,
X(∂Σ) ⊂ Γm , X(P ) ∈ P.D.(el)} .
We introduce an embedding ι ; Γm →֒ M . Then the amplitude is represented
〈O(l)(P )|Γm〉 =
∫
Γm
ι∗(el) +
∞∑
n=1
(∫
Ml,m;n
c(Vl,m;n)φ
∗(el)
)
qn ,
q := exp(2πi t) . (3. 29)
The Vl,m;n is a vector bundle over the moduli space Ml,m;n with coker∇ as its fiber. The φ
is an evaluation map of M and acts on the set {P,X} as
φ({P,X}) := X(P ) . (3. 30)
In particular the degree zero part can be evaluated by Ka¨hler form e. We now make a
remark here: We have fixed the degree of the homology cycle. But there are mixings between
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cycles with different dimensions when we discuss calculations in the mirror technique. This
phenomenon can be interpreted as shifts of Ka¨hler form e by cohomology elements ζ ∈ H2(M)
(e → e + ζ). Its modification is equivalent to some constant shifts of Ka¨hler parameters,
which lead us to monodromy transformations.
4 Extension to Fano Manifolds
In previous sections, we considered Calabi-Yau cases. By using mirror symmetries, we can
calculate the amplitudes in the A-model indirectly. But the existence of B-model is essential
there and that necessarily restricts us to manifolds with c1(TM) = 0, that is, Calabi-Yau
spaces. If we can study the calculation within the range of A-model only, we remove the
condition c1 = 0 for manifolds. In this section, we develop a method to analyse the A-model
for manifolds with c1(TM) > 0 as an attempt to treat general Ka¨hler manifolds.
4.1 Fusion Relations for Operators
Let us first recall the fusion relations considered in the previous sections. Each A-model
operator O(l) is associated with a cohomology element el ∈ H2l(M). Operator products of
these are written down
O(l) · O(m) =
∑
n
κlmnO(n) .
Here the product “·” means equality of both sides when we evaluate them in the A-model
correlator
〈O(l) · O(m) · · ·〉 =
∑
n
κlmn〈O(n) · · ·〉 .
When we take a derivative of a disk amplitude c(l)(γ) = 〈O(l)|γ〉, fusion relations give us a
set of differential equations
∂
∂tk
〈O(l)|γ〉 = 〈O(k) · O(l)|γ〉
=
∑
m
κklm〈O(m)|γ〉 .
23
We can collect these amplitudes in one matrix Π by choosing an appropriate set of homology
basis {γn} and the fusion relations are transformed into a set of differential equations for Π
Π :=


γn
O(m) 〈O(m)|γn〉

 ,
∂
∂tk
Π = κkΠ , (4. 1)
(κk)l
m := κklm .
Here we introduce matrices κk whose (l, m) component is a fusion coupling κklm. If one can
solve this equation (4. 1), the disk amplitudes are obtained. When is this equation solvable?
The integrable conditions are needed to solve simultaneous differential equations. They are
expressed as commutativity of differential operators
∂
∂tl
−κl
[
∂
∂tl
−κl ,
∂
∂tm
−κm
]
= 0 . (4. 2)
In the cases for Fano manifolds, three point couplings are derivatives of some prepotentials
F
κklm := ηmn∂tk∂tl∂tnF , (4. 3)
ηkl := 〈O
(k)O(l)〉 ,
ηmnηnl = δ
m
l .
In such cases, identities ∂tlκm = ∂tmκl are satisfied automatically and integrable conditions
are turned into formulae
[κl,κm] = 0 . (4. 4)
That is the associativity relations for two inserted operators O(l) and O(m)
κlnrκmrs = κmnrκlrs . (4. 5)
These determine instanton parts of prepotentials completely [12, 13, 14]. Under these condi-
tions (4. 3)(4. 5), we can integrate the equations (4. 1) and obtain the amplitudes for Fano
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manifold cases
Π = Pexp
(∫
C
dtlκl
)
,
(κl)mn := κlmn .
The contour C could be chosen appropriately. But we do not know the global structure
of moduli spaces for Fano cases in contrast to Calabi-Yau spaces. There is no associated
B-models and we do not have any kind of periods whose complex moduli parameters are
analytically continued over all the moduli spaces. In the next subsection, we analyse these
amplitudes Π for several cases concretely.
4.2 Several Examples
We take three concrete examples, CPN (N = 1, 2, 3), Grassmann manifold Gr(2, 4), M4,3
(zero locus of a hypersurface with degree 3 in CP 4) and analyze the Π of them. For simplicity,
we switch off all background sources tl’s of operators O(l) except for marginal ones and
concentrate on analytic subgroups generated by products of Ka¨hler forms.
As a first example, we consider the projective space CPN . The CPN is (complex) N
dimensional space with 1st Chern class c1(TCP
N) = (N + 1)e. The e is a Ka¨hler form. Its
non-vanishing Hodge numbers are hl,l = 1 (l = 0, 1, · · ·N) and all cohomology elements are
generated by products of a Ka¨hler form e. A corresponding operator O(l) is defined for each
el ∈ Hl,l (l = 0, 1, · · · , N).
When one switches on only Ka¨hler parameter t1 = x with all others off t0 = t2 = · · · =
tN = 0, a fusion coupling κ1 associated with O(1) is given as
κ1 =


0 1 0
0 1
0 1
. . .
. . .
0 1
q 0


,
(κ1)ℓm := κ1ℓm = κ1ℓnηnm .
Here the topological metric ηij is given as ηij := 〈O
(i)O(j)〉 = N · δi+j,N . (All the other
couplings κℓ associated with O(ℓ)’s are constructed as products of the κ1 in this background,
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that is, κℓ = (κ1)ℓ.) Then the Π is obtained
Π = Pexp
(∫
C
dxκ1
)
. (4. 6)
It is expanded by a parameter “q := exp(x)” in an infinite series
Π =
∞∑
l=0
alq
l ,
a0 := exp


0 x 0
0 x
0 x
. . .
. . .
0 x
0 0


.
The leading coefficient a0 is the classical part of the amplitude and is determined only by
geometrical data of CPN . Quantum corrections are encoded in the expansion coefficients al
(l = 1, 2, · · ·) and we focus these parts for lower dimensional cases.
• CP 1 model
The cohomology group is generated by two elements 1 and e and we introduce parameters
t0 and t1 for each operator O
(0), O(1). The prepotential F of the CP 1 model is represented
as
F =
1
2
t20t1 + e
t1 .
Fusion couplings are given as
κ0 =
(
1 0
0 1
)
, κ1 =
(
0 1
q 0
)
.
When one turns off the parameter t0, the disk amplitude Π is written concretely
Π =
(
1 x
0 1
)
+
∞∑
l=1
(
u11
l u12
l
u21
l u22
l
)
ql ,
u11
l =
1
(l!)2
, u21
l =
l
(l!)2
,
u12
l =
l
(l!)2
x+ αl , u22
l =
1
(l!)2
x+
αl
l
−
1
l · (l!)2
.
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A series of numbers αl is defined by a recursion formula

αl+1 =
1
l(l + 1)
αl −
2l + 1
l
·
1
{(l + 1)!}2
(l = 1, 2, · · ·) ,
α1 = −1 .
The component ul21 is non-vanishing and the Π is not triangular matrix. It is contrasted
with Calabi-Yau cases. If we want to consider effects by t0, all we have to do is to multiply
a matrix exp(t0κ0) to the above Π from the left.
• CP 2 model
There are three elements 1, e, and e2 in cohomology groups H∗(CP 2). Background sources
t0, t1, and t2 couple with associated operators O(0), O(1), O(2). Then a prepotential of CP 2
is realized in the following form
F = t20t2 + t0t
2
1 +
∑
d≥1
Nd
t3d−12 e
d t1
(3d− 1)!
.
The set of numbers Nd is determined by associativity relations of fusion couplings. With
switching off t0 and t2 and setting t1 = x 6= 0, a fusion coupling induced by O(1) is given as
κ1 =


0 1 0
0 0 1
q 0 0

 ,
(κ1)ℓm := κ1ℓm .
By using this, an explicit formula for Π is obtained in the CP 2 model
Π =


1 x
x2
2
0 1 x
0 0 1

+ ∞∑
l=1


u11
l u12
l u13
l
u21
l u22
l u23
l
u31
l u32
l u33
l

 · ql ,
u11
l =
l∏
m=1
1
m3
, u21
l = l ·
(
l∏
m=1
1
m3
)
, u31
l = l2 ·
(
l∏
m=1
1
m3
)
,
u12
l =
(
l∏
m=1
1
m3
)
x+
(
αl
l2
−
2
l
·
l∏
m=1
1
m3
)
,
u22
l = l ·
(
l∏
m=1
1
m3
)
x+
(
αl
l
−
l∏
m=1
1
m3
)
,
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u32
l = l2 ·
(
l∏
m=1
1
m3
)
x+ αl ,
u13
l =
(
l∏
m=1
1
m3
)
x2
2
+
(
αl
l2
−
2
l
·
l∏
m=1
1
m3
)
x+
(
βl
l2
−
2
l3
αl +
3
l2
·
l∏
m=1
1
m3
)
,
u23
l = l ·
(
l∏
m=1
1
m3
)
x2
2
+
(
αl
l
−
l∏
m=1
1
m3
)
x+
(
βl
l
−
1
l2
αl +
1
l
·
l∏
m=1
1
m3
)
,
u33
l = l2 ·
(
l∏
m=1
1
m3
)
x2
2
+ αlx+ βl .
Two sets of numbers {αl} and {βl} are calculated recursively by the following equations

αl+1 =
1
l2(l + 1)
αl −
3l + 2
l(l + 1)2
·
(
l∏
m=1
1
m3
)
,
α1 = −1 ,

βl+1 =
1
l2(l + 1)
βl −
3l + 2
l3(l + 1)2
αl +
6l2 + 8l + 3
l2(l + 1)3
·
(
l∏
m=1
1
m3
)
,
β1 = 1 .
• CP 3 model
For the CP 3 case, a prepotential is represented as
F =
3
2
t20t3 + 3t0t1t2 +
1
2
t31 +
∑
d≥1
2d∑
l=0
Nl,d
t4d−2l2 t
l
3
(4d− 2l)!l!
ed t1 .
The moduli parameters tm (m = 0, 1, 2, 3) are associated with cohomology elements e
m and
couple to A-model operators O(m). When turning off all parameters except for t1 = x, we
find a fusion coupling for O(1)
κ1 =


0 1 0 0
0 0 1 0
0 0 0 1
q 0 0 0

 .
Applying the same method as that in the previous examples, we find a disk amplitude Π for
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this model
Π =


1 x
x2
2
x3
6
0 1 x
x2
2
0 0 1 x
0 0 0 1


+
∞∑
l=1


u11
l u12
l u13
l u14
l
u21
l u22
l u23
l u24
l
u31
l u32
l u33
l u34
l
u41
l u42
l u43
l u44
l

 · q
l ,
u11
l =
l∏
m=1
1
m4
, u21
l = l ·
(
l∏
m=1
1
m4
)
,
u31
l = l2 ·
(
l∏
m=1
1
m4
)
, u41
l = l3 ·
(
l∏
m=1
1
m4
)
,
u12
l =
(
l∏
m=1
1
m4
)
x+
(
αl
l3
−
3
l
l∏
m=1
1
m4
)
,
u22
l = l ·
(
l∏
m=1
1
m4
)
x+
(
αl
l2
− 2
l∏
m=1
1
m4
)
,
u32
l = l2 ·
(
l∏
m=1
1
m4
)
x+
(
αl
l
− l
l∏
m=1
1
m4
)
,
u42
l = l3 ·
(
l∏
m=1
1
m4
)
x+ αl ,
u13
l =
(
l∏
m=1
1
m4
)
x2
2
+
(
αl
l3
−
3
l
l∏
m=1
1
m4
)
x+
(
βl
l3
−
3
l4
αl +
6
l2
·
l∏
m=1
1
m4
)
,
u23
l = l ·
(
l∏
m=1
1
m4
)
x2
2
+
(
αl
l2
− 2
l∏
m=1
1
m4
)
x+
(
βl
l2
−
2
l3
αl +
3
l
·
l∏
m=1
1
m4
)
,
u33
l = l2 ·
(
l∏
m=1
1
m4
)
x2
2
+
(
αl
l
− l
l∏
m=1
1
m4
)
x+
(
βl
l
−
1
l2
αl +
l∏
m=1
1
m4
)
,
u43
l = l3 ·
(
l∏
m=1
1
m4
)
x2
2
+ αlx+ βl ,
u14
l =
(
l∏
m=1
1
m4
)
x3
6
+
(
αl
l3
−
3
l
l∏
m=1
1
m4
)
x2
2
+
(
βl
l3
−
3
l4
αl +
6
l2
·
l∏
m=1
1
m4
)
x
+
(
γl
l3
−
3
l4
βl +
6
l5
αl −
10
l3
l∏
m=1
1
m4
)
,
u24
l = l ·
(
l∏
m=1
1
m4
)
x3
6
+
(
αl
l2
− 2
l∏
m=1
1
m4
)
x2
2
+
(
βl
l2
−
2
l3
αl +
3
l
·
l∏
m=1
1
m4
)
x
+
(
γl
l2
−
2
l3
βl +
3
l4
αl −
4
l2
l∏
m=1
1
m4
)
,
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u34
l = l2 ·
(
l∏
m=1
1
m4
)
x3
6
+
(
αl
l
− l
l∏
m=1
1
m4
)
x2
2
+
(
βl
l
−
1
l2
αl +
l∏
m=1
1
m4
)
x
+
(
γl
l
−
1
l2
βl +
1
l3
αl −
1
l
l∏
m=1
1
m4
)
,
u44
l = l3 ·
(
l∏
m=1
1
m4
)
x3
6
+ αl
x2
2
+ βlx+ γl .
The following three recursion formulae determine three sets of numbers {αl}, {βl}, {γl}

αl+1 =
1
l3(l + 1)
αl −
[
1
(l + 1)2
+
3
l(l + 1)
]
·
(
l∏
m=1
1
m4
)
,
α1 = −1 ,

βl+1 =
1
l3(l + 1)
βl −
[
1
l3(l + 1)2
+
3
l4(l + 1)
]
αl
+
[
1
(l + 1)3
+
3
l(l + 1)2
+
6
l2(l + 1)
]
·
(
l∏
m=1
1
m4
)
,
β1 = 1 ,

γl+1 =
1
l3(l + 1)
γl −
[
1
l3(l + 1)2
+
3
l4(l + 1)
]
βl
+
[
1
l3(l + 1)3
+
3
l4(l + 1)2
+
6
l5(l + 1)
]
αl
−
[
1
(l + 1)4
+
3
l(l + 1)3
+
6
l2(l + 1)2
+
10
l3(l + 1)
]
·
(
l∏
m=1
1
m4
)
,
γ1 = −1 .
It is straightforward to extend the calculations here to general CPN cases. For this CPN
case, each cohomology class with a fixed degree is one dimensional space and all the cohomol-
ogy elements are generated by only one Ka¨hler form e. As a second example, we will consider
a Grassmann manifold Gr(2, 4) that has a two dimensional cohomology group H4(Gr(2, 4)).
• Gr(2, 4) model
The Gr(2, 4) is realized as a 2 dimensional subspace in C4. It is a complex 4 dimensional
manifold and has a 1st Chern class c1(TGr(2, 4)) = 4e. The e is a Ka¨hler form of the
manifold. Also Hodge numbers are known to be h0,0 = h1,1 = h3,3 = h4,4 = 1 and h2,2 = 2.
The total cohomology classes are 6 dimensional spaces and there are six operators O(0),
30
O(1), O(2)1 , O
(2)
2 , O
(3), O(4) associated with them. We shall introduce moduli parameters
t0, t1, t2,1, t2,2, t3, and t4 corresponding to the above observables. Topological metrics
η(ℓ,i)(m,j) := 〈O
(ℓ)
i O
(m)
j 〉 are non-zero for η(0)(4) = η(1)(3) = η(2,1)(2,1) = η(2,2)(2,2) = 4. Then a
prepotential of Gr(2, 4) is expressed as
F = 2t20t4 + 2t0t
2
2,1 + 2t0t
2
2,2 + 4t0t1t3 + 2t
2
1t2,1 + 2t
2
1t2,2
+
∑
d≥1
∑
k,l,m≥0
Nk,l,m,d
t4d+1−k−2l−3m2,1 t
k
2,2 t
l
3 t
m
4
(4d+ 1− k − 2l − 3m)!k!l!m!
ed t1 .
When one switches on only marginal parameter t1 = x 6= 0 in the background, fusion
couplings for these operators O(m)’s are calculated
κ0 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, κ1 =


0 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 0
0 0 0 0 1 0
q 0 0 0 0 1
0 q 0 0 0 0


,
κ2,1 =


0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
q 0 0 0 0 0
0 q 0 0 0 0
0 0 0 q 0 0


, κ2,2 =


0 0 0 1 0 0
0 0 0 0 1 0
q 0 0 0 0 0
0 0 0 0 0 1
0 q 0 0 0 0
0 0 q 0 0 0


,
κ3 =


0 0 0 0 1 0
q 0 0 0 0 1
0 q 0 0 0 0
0 q 0 0 0 0
0 0 q q 0 0
0 0 0 0 q 0


, κ4 =


0 0 0 0 0 1
0 q 0 0 0 0
0 0 0 q 0 0
0 0 q 0 0 0
0 0 0 0 q 0
0 0 0 0 0 0


.
Here we introduce a variable q := exp(x). By performing the similar calculations for the
31
previous examples, a disk amplitude for this Gr(2, 4) model is written down concretely
Π =


1 x
x2
2
et
x3
6
x4
12
0 1 xet x2
x3
6
0e 0e 1eet xe
x2
2
e
0 0 0et 1 x
0 0 0et 0 1


+
∞∑
l=1


u11
l u12
l u13
let u14
l u15
l
u21
l u22
l u23
let u24
l u15
l
u31
le u32
le u33
leet u34
le u35
le
u41
l u42
l u43
let u44
l u45
l
u51
l u52
l u53
let u54
l u55
l


· ql ,
e :=
(
1
1
)
,
where each component uij
l in the series expansion is given as
u11
l = 2l ·
l∏
m=1
2m− 1
m5
, u21
l = 2l · l ·
(
l∏
m=1
2m− 1
m5
)
,
u31
l = 2l−1 · l2 ·
(
l∏
m=1
2m− 1
m5
)
, u41
l = 2l−1 · l3 ·
(
l∏
m=1
2m− 1
m5
)
,
u51
l=1 = 0 ,
u51
l+1 = 2l ·
l
l + 1
·
(
l∏
m=1
2m− 1
m5
)
(l = 1, 2, · · ·) ,
u12
l = 2l ·
(
l∏
m=1
2m− 1
m5
)
x+
2
l3
αl −
3
l
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u22
l = 2l · l ·
(
l∏
m=1
2m− 1
m5
)
x+
2
l2
αl − 2 · 2
l ·
(
l∏
m=1
2m− 1
m5
)
,
u32
l = 2l−1 · l2 ·
(
l∏
m=1
2m− 1
m5
)
x+
1
l
αl − 2
l−1 · l ·
(
l∏
m=1
2m− 1
m5
)
,
u42
l = 2l−1 · l3 ·
(
l∏
m=1
2m− 1
m5
)
x+ αl ,
u52
l=1 = 1 ,
u52
l+1 = 2l ·
l
l + 1
·
(
l∏
m=1
2m− 1
m5
)
x+
2
l2(l + 1)
αl
−2l ·
[
2
l + 1
+
l
(l + 1)2
]
·
(
l∏
m=1
2m− 1
m5
)
(l = 1, 2, · · ·) ,
u13
l = 2l ·
(
l∏
m=1
2m− 1
m5
)
x2
2
+
{
2
l3
αl −
3
l
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x
−
6
l4
αl +
2
l3
βl +
6
l2
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
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u23
l = 2l · l ·
(
l∏
m=1
2m− 1
m5
)
x2
2
+
{
2
l2
αl − 2 · 2
l ·
(
l∏
m=1
2m− 1
m5
)}
x
−
4
l3
αl +
2
l2
βl +
3
l
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u33
l = 2l−1 · l2 ·
(
l∏
m=1
2m− 1
m5
)
x2
2
+
{
1
l
αl − 2
l−1 · l ·
(
l∏
m=1
2m− 1
m5
)}
x
−
1
l2
αl +
1
l
βl + 2
l−1 ·
(
l∏
m=1
2m− 1
m5
)
,
u43
l = 2l−1 · l3 ·
(
l∏
m=1
2m− 1
m5
)
x2
2
+ αlx+ βl ,
u53
l=1 = −1 + x ,
u53
l+1 = 2l ·
l
l + 1
·
(
l∏
m=1
2m− 1
m5
)
x2
2
+
{
2
l2(l + 1)
αl
−2l ·
[
2
l + 1
+
l
(l + 1)2
]
·
(
l∏
m=1
2m− 1
m5
)}
x
−
[
2
l2(l + 1)2
+
4
l3(l + 1)3
]
αl +
2
l2(l + 1)
βl
+
[
l
(l + 1)3
+
2
(l + 1)2
+
3
l(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u14
l = 2l ·
(
l∏
m=1
2m− 1
m5
)
x3
6
+
{
2
l3
αl −
3
l
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x2
2
+
{
−
6
l4
αl +
2
l3
βl +
6
l2
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x
+
12
l5
αl −
6
l4
βl +
2
l3
γl −
10
l3
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u24
l = 2l · l ·
(
l∏
m=1
2m− 1
m5
)
x3
6
+
{
2
l2
αl − 2 · 2
l ·
(
l∏
m=1
2m− 1
m5
)}
x2
2
+
{
−
4
l3
αl +
2
l2
βl +
3
l
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x
+
6
l4
αl −
4
l3
βl +
2
l2
γl −
4
l2
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u34
l = 2l−1 · l2 ·
(
l∏
m=1
2m− 1
m5
)
x3
6
+
{
1
l
αl − 2
l−1 · l ·
(
l∏
m=1
2m− 1
m5
)}
x2
2
33
+{
−
1
l2
αl +
1
l
βl + 2
l−1 ·
(
l∏
m=1
2m− 1
m5
)}
x
+
1
l3
αl −
1
l2
βl +
1
l
γl −
1
l
· 2l−1 ·
(
l∏
m=1
2m− 1
m5
)
,
u44
l = 2l−1 · l3 ·
(
l∏
m=1
2m− 1
m5
)
x3
6
+ αl
x
2
+ βlx+ γl ,
u54
l=1 = 2− 2x+ x2 ,
u54
l+1 = 2l ·
l
l + 1
·
(
l∏
m=1
2m− 1
m5
)
x3
6
+
{
2
l2(l + 1)
αl
−2l ·
[
2
l + 1
+
l
(l + 1)2
]
·
(
l∏
m=1
2m− 1
m5
)}
x2
2
+
{
−
[
2
l2(l + 1)2
+
4
l3(l + 1)3
]
αl +
2
l2(l + 1)
βl
+
[
l
(l + 1)3
+
2
(l + 1)2
+
3
l(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x
+
[
2
l2(l + 1)3
+
4
l3(l + 1)2
+
6
l4(l + 1)
]
αl −
[
2
l2(l + 1)2
+
4
l3(l + 1)
]
βl
+
2
l2(l + 1)
γl −
[
l
(l + 1)4
+
2
(l + 1)3
+
3
l(l + 1)2
+
4
l2(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u15
l = 2l ·
(
l∏
m=1
2m− 1
m5
)
x4
24
+
{
2
l3
αl −
3
l
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x3
6
+
{
−
6
l4
αl +
2
l3
βl +
6
l2
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x2
2
+
{
12
l5
αl −
6
l4
βl +
2
l3
γl −
10
l3
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x
−
20
l6
αl +
12
l5
βl −
6
l4
γl +
2
l3
δl +
15
l4
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u25
l = 2l · l ·
(
l∏
m=1
2m− 1
m5
)
x4
24
+
{
2
l2
αl − 2 · 2
l ·
(
l∏
m=1
2m− 1
m5
)}
x3
6
+
{
−
4
l3
αl +
2
l2
βl +
3
l
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x2
2
+
{
6
l4
αl −
4
l3
βl +
2
l2
γl −
4
l2
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x
34
−
8
l5
αl +
6
l4
βl −
4
l3
γl +
2
l2
δl +
5
l3
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
u35
l = 2l−1 · l2 ·
(
l∏
m=1
2m− 1
m5
)
x4
24
+
{
1
l
αl − 2
l−1 · l ·
(
l∏
m=1
2m− 1
m5
)}
x3
6
+
{
−
1
l2
αl +
1
l
βl + 2
l−1 ·
(
l∏
m=1
2m− 1
m5
)}
x2
2
+
{
1
l3
αl −
1
l2
βl +
1
l
γl −
1
l
· 2l−1 ·
(
l∏
m=1
2m− 1
m5
)}
x
−
1
l4
αl +
1
l3
βl −
1
l2
γl +
1
l
δl +
1
l2
· 2l−1 ·
(
l∏
m=1
2m− 1
m5
)
,
u45
l = 2l−1 · l3 ·
(
l∏
m=1
2m− 1
m5
)
x4
24
+ αl
x3
6
+ βl
x2
2
+ γlx+ δl ,
u55
l=1 = −2 + 2x− x2 +
x3
3
,
u55
l+1 = 2l ·
l
l + 1
·
(
l∏
m=1
2m− 1
m5
)
x4
24
+
{
2
l2(l + 1)
αl
−2l ·
[
2
l + 1
+
l
(l + 1)2
]
·
(
l∏
m=1
2m− 1
m5
)}
x3
6
+
{
−
[
2
l2(l + 1)2
+
4
l3(l + 1)3
]
αl +
2
l2(l + 1)
βl
+
[
l
(l + 1)3
+
2
(l + 1)2
+
3
l(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x2
2
+
{[
2
l2(l + 1)3
+
4
l3(l + 1)2
+
6
l4(l + 1)
]
αl −
[
2
l2(l + 1)2
+
4
l3(l + 1)
]
βl
+
2
l2(l + 1)
γl −
[
l
(l + 1)4
+
2
(l + 1)3
+
3
l(l + 1)2
+
4
l2(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)}
x
−
[
2
l2(l + 1)4
+
4
l3(l + 1)3
+
6
l4(l + 1)2
+
8
l5(l + 1)
]
αl
+
[
2
l2(l + 1)3
+
4
l3(l + 1)2
+
6
l4(l + 1)
]
βl
−
[
2
l2(l + 1)2
+
4
l3(l + 1)
]
γl +
2
l2(l + 1)
δl
+
[
l
(l + 1)5
+
2
(l + 1)4
+
3
l(l + 1)3
+
4
l2(l + 1)2
+
5
l3(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)
.
The four sets of numbers αl, βl, γl, δl in the above expressions are defined recursively by the
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following formulae


αl+1 =
[
2
l2(l + 1)2
+
2
l3(l + 1)
]
αl
−2l ·
[
2l
(l + 1)3
+
3
(l + 1)2
+
3
l(l + 1)
]
·
(
l∏
m=1
2m− 1
m5
)
,
αl=1 = 0 ,

βl+1 =
[
2
l2(l + 1)2
+
2
l3(l + 1)
]
βl
−
[
2
l2(l + 1)3
+
3
l3(l + 1)2
+
3
l4(l + 1)
]
αl
+
[
3l
(l + 1)4
+
5
(l + 1)3
+
6
l(l + 1)2
+
6
l2(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
βl=1 = 0 ,

γl+1 =
[
2
l2(l + 1)2
+
2
l3(l + 1)
]
γl
−
[
2
l2(l + 1)3
+
3
l3(l + 1)2
+
3
l4(l + 1)
]
βl
+
[
6
l2(l + 1)4
+
10
l3(l + 1)3
+
12
l4(l + 1)2
+
12
l5(l + 1)
]
αl
−
[
4l
(l + 1)5
+
7
(l + 1)4
+
9
l(l + 1)3
+
10
l2(l + 1)2
+
10
l3(l + 1)
]
· 2l ·
(
l∏
m=1
2m− 1
m5
)
,
γl=1 = 0 ,

δl+1 =
[
2
l2(l + 1)2
+
2
l3(l + 1)
]
δl
−
[
2
l2(l + 1)3
+
3
l3(l + 1)2
+
3
l4(l + 1)
]
γl
+
[
6
l2(l + 1)4
+
10
l3(l + 1)3
+
12
l4(l + 1)2
+
12
l5(l + 1)
]
βl
−
[
8
l2(l + 1)5
+
14
l3(l + 1)4
+
18
l4(l + 1)3
+
20
l5(l + 1)2
+
20
l6(l + 1)
]
αl
+
[
5l
(l + 1)6
+
9
(l + 1)5
+
12
l(l + 1)4
+
14
l2(l + 1)3
+
15
l3(l + 1)2
+
15
l4(l + 1)
]
×2l ·
(
l∏
m=1
2m− 1
m5
)
,
δl=1 = 0 .
It is straightforward to turn on all the other background parameters {tl} in the above analysis
but the calculation is tedious.
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• M4,3 model
As a final example we consider a degree 3 hypersurface M4,3 in CP
4. It is a complex
3 dimensional manifold with a positive 1st Chern class c1(TM4,3) = 2e. The e is a Ka¨hler
form of this M4,3. The non-vanishing Hodge numbers are h
0,0 = h1,1 = h2,2 = h3,3 = 1 and
h2,1 = h1,2 = 5. To avoid complexities in calculations, we focus on the vertical parts ⊕3ℓ=0H
ℓ,ℓ
of cohomology classes here. Then there are associated four operatorsO(m) (m = 0, 1, 2, 3) and
non-vanishing components of topological metric lie on off-diagonal parts ηlm := 〈O
(l)O(m)〉 =
3 · δl+m,3. The prepotential for M4,3 is similar to that in the CP
3 case
F =
3
2
t20t3 + 3t0t1t2 +
1
2
t31 +
∑
d≥1
d∑
l=0
Nl,d
t2d−2l2 t
l
3
(2d− 2l)!l!
ed t1 .
A fusion coupling of the O(1) is represented when we turn off all parameters except for t1 = x
κ1 =


0 1 0 0
6 q 0 1 0
0 15 q 0 1
36 q2 0 6 q 0

 .
By performing multiple integrals of products of κ1, we find the disk amplitude Π for this
M4,3
Π =


1 x
x2
2
x3
6
0 1 x
x2
2
0 0 1 x
0 0 0 1


+
∞∑
l=1


u11
l u12
l u13
l u14
l
u21
l u22
l u23
l u24
l
u31
l u32
l u33
l u34
l
u41
l u42
l u43
l u44
l

 · q
l .
The q is defined as q := exp(x). Each component uij
l is a polynomial of x whose degree is
at most 4
u11
l =
v
(1)
l
l
, u21
l = v
(1)
l , u31
l+1 =
15v
(1)
l + v
(2)
l+1
l + 1
, u41
l = v
(2)
l ,
u12
l =
v
(1)
l
l
· x+

α(1)l
l
−
v
(1)
l
l2

 ,
u22
l = v
(1)
l x+ α
(1)
l ,
u32
l+1 =

15v(1)l + v(2)l+1
l + 1

x
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+
15α(1)l + α(2)l+1
l + 1
−
15v
(1)
l + v
(2)
l+1
(l + 1)2

 ,
u42
l = v
(2)
l · x+ α
(2)
l ,
u13
l =
v
(1)
l
l
·
x2
2
+

α(1)l
l
−
v
(1)
l
l2

 x+

β(1)l
l
−
α
(1)
l
l2
+
v
(1)
l
l3

 ,
u23
l = v
(1)
l
x2
2
+ α
(1)
l x+ β
(1)
l ,
u33
l+1 =

15v(1)l + v(2)l+1
l + 1

 x2
2
+

15α(1)l + α(2)l+1
l + 1
−
15v
(1)
l + v
(2)
l+1
(l + 1)2

x
+

15β(1)l + β(2)l+1
l + 1
−
15α
(1)
l + α
(2)
l+1
(l + 1)2
+
15v
(1)
l + v
(2)
l+1
(l + 1)3

 ,
u43
l = v
(2)
l ·
x2
2
+ α
(2)
l x+ β
(2)
l ,
u14
l =
v
(1)
l
l
·
x3
6
+

α(1)l
l
−
v
(1)
l
l2

 x2
2
+

β(1)l
l
−
α
(1)
l
l2
+
v
(1)
l
l3

x
+

γ(1)l
l
−
β
(1)
l
l2
+
α
(1)
l
l3
−
v
(1)
l
l4

 ,
u24
l = v
(1)
l
x3
6
+ α
(1)
l
x2
2
+ β
(1)
l x+ γ
(1)
l ,
u34
l+1 =

15v(1)l + v(2)l+1
l + 1

 x3
6
+

15α(1)l + α(2)l+1
l + 1
−
15v
(1)
l + v
(2)
l+1
(l + 1)2

 x2
2
+

15β(1)l + β(2)l+1
l + 1
−
15α
(1)
l + α
(2)
l+1
(l + 1)2
+
15v
(1)
l + v
(2)
l+1
(l + 1)3

x
+

15γ(1)l + γ(2)l+1
l + 1
−
15β
(1)
l + β
(2)
l+1
(l + 1)2
+
15α
(1)
l + α
(2)
l+1
(l + 1)3
−
15v
(1)
l + v
(2)
l+1
(l + 1)4

 ,
u44
l = v
(2)
l ·
x3
6
+ α
(2)
l
x2
2
+ β
(2)
l x+ γ
(2)
l .
The numbers vl, αl, βl and γl are obtained by recursive relations

v
(1)
l=1 = 6 ,
v
(1)
l+1 = 2 · 3
l+1 ·
(
l∏
m=1
(3m+ 1)(3m+ 2)
m(m+ 1)3
)
(l = 1, 2, · · ·) ,
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

v
(2)
l=1 = 0 , v
(2)
l=2 = 18 ,
v
(2)
l+1 = 2 · 3
l+1 ·
(
l∏
m=2
(3m− 1)(3m− 2)
(m− 1)2m(m+ 1)
)
(l = 2, 3, · · ·) ,


α
(1)
l+1 =
[
15
(l + 1)2
+
6
l(l + 1)
]
α
(1)
l +
1
(l + 1)2
α
(2)
l+1
−
[
30
(l + 1)3
+
6
l(l + 1)2
+
6
l2(l + 1)
]
v
(1)
l −
2
(l + 1)3
v
(2)
l+1 ,
α
(2)
l+2 =
[
90
(l + 1)(l + 2)
+
36
l(l + 2)
]
α
(1)
l +
6
(l + 1)(l + 2)
α
(2)
l+1
−
[
90
(l + 1)(l + 2)2
+
90
(l + 1)2(l + 2)
+
36
l(l + 2)2
+
36
l2(l + 2)
]
v
(1)
l
−
[
6
(l + 1)2(l + 2)
+
6
(l + 1)(l + 2)2
]
v
(2)
l+1 ,
α
(1)
l=1 = 9 ,
α
(2)
l=1 = 0 , α
(2)
l=2 = 36 ,

β
(1)
l+1 =
[
15
(l + 1)2
+
6
l(l + 1)
]
β
(1)
l +
1
(l + 1)2
β
(2)
l+1
−
[
30
(l + 1)3
+
6
l(l + 1)2
+
6
l2(l + 1)
]
α
(1)
l −
2
(l + 1)3
α
(2)
l+1
+
[
45
(l + 1)4
+
6
l(l + 1)3
+
6
l2(l + 1)2
+
6
l3(l + 1)
]
v
(1)
l +
3
(l + 1)4
v
(2)
l+1 ,
β
(2)
l+2 =
[
90
(l + 1)(l + 2)
+
36
l(l + 2)
]
β
(1)
l +
6
(l + 1)2
β
(2)
l+1
−
[
90
(l + 1)(l + 2)2
+
90
(l + 1)2(l + 2)
+
36
l(l + 2)2
+
36
l2(l + 2)
]
α
(1)
l
−
[
6
(l + 1)(l + 2)2
+
6
(l + 1)2(l + 2)
]
α
(2)
l+1
+
[
90
(l + 1)(l + 2)3
+
90
(l + 1)2(l + 2)2
+
90
(l + 1)3(l + 2)
+
36
l(l + 2)3
+
36
l2(l + 2)2
+
36
l3(l + 2)
]
v
(1)
l
+
[
6
(l + 1)(l + 2)3
+
6
(l + 1)2(l + 2)2
+
6
(l + 1)3(l + 2)
]
v
(2)
l+1 ,
β
(1)
l=1 = −18 ,
β
(2)
l=1 = 6 , β
(2)
l=2 = −45 ,
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

γ
(1)
l+1 =
[
15
(l + 1)2
+
6
l(l + 1)
]
γ
(1)
l +
1
(l + 1)2
γ
(2)
l+1
−
[
30
(l + 1)3
+
6
l(l + 1)2
+
6
l2(l + 1)
]
β
(1)
l −
2
(l + 1)3
β
(2)
l+1
+
[
45
(l + 1)4
+
6
l(l + 1)3
+
6
l2(l + 1)2
+
6
l3(l + 1)
]
α
(1)
l +
3
(l + 1)4
α
(2)
l+1
−
[
60
(l + 1)5
+
6
l(l + 1)4
+
6
l2(l + 1)3
+
6
l3(l + 1)2
+
6
l4(l + 1)
]
v
(1)
l −
4
(l + 1)5
v
(2)
l+1 ,
γ
(2)
l+2 =
[
90
(l + 1)(l + 2)
+
36
l(l + 2)
]
γ
(1)
l +
6
(l + 1)(l + 2)
γ
(2)
l+1
−
[
90
(l + 1)(l + 2)3
+
90
(l + 1)2(l + 2)2
+
90
(l + 1)3(l + 2)
+
36
l(l + 2)2
+
36
l2(l + 2)
]
β
(1)
l
−
[
6
(l + 1)(l + 2)2
+
6
(l + 1)2(l + 2)
+
]
β
(2)
l+1
+
[
90
(l + 1)(l + 2)3
+
90
(l + 1)2(l + 2)2
+
90
(l + 1)3(l + 2)
+
36
l(l + 2)3
+
36
l2(l + 2)2
+
36
l3(l + 2)
]
α
(1)
l
+
[
6
(l + 1)(l + 2)3
+
6
(l + 1)2(l + 2)2
+
6
(l + 1)3(l + 2)
]
α
(2)
l+1
−
[
90
(l + 1)(l + 1)4
+
90
(l + 1)2(l + 1)3
+
90
(l + 1)3(l + 1)2
+
90
(l + 1)4(l + 1)
+
36
l(l + 2)4
+
36
l2(l + 2)3
+
36
l3(l + 2)2
+
36
l4(l + 2)
]
v
(1)
l
−
[
6
(l + 1)(l + 2)4
+
6
(l + 1)2(l + 2)3
+
6
(l + 1)3(l + 2)3
+
6
(l + 1)4(l + 2)
]
v
(2)
l+1 ,
γ
(1)
l=1 = 21 ,
γ
(2)
l=1 = −6 , γ
(2)
l=2 =
63
2
.
For Fano cases, the expansion coefficients are polynomials of Ka¨hler parameters whose de-
grees are finite independent of instanton degree. Its structure resembles closely that in the
Calabi-Yau cases. A constant shift of Ka¨hler parameter mixes components of the Π with
each other. But it is not clear that the matrix Π factorizes into a monodromy part and a
genuine instanton correction part for Fano manifolds cases. Also we lack for information
about total monodromy properties of moduli spaces in the Fano cases.
Next when we turn on a parameter t0, the amplitude Π is modified. A corresponding
observable is a puncture operator P and plays important role in topological gravity. But
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the κ0 is always identity matrix in all the cases. In order to couple the P to our cases, all
we have to do is to change the amplitude Π into exp(t0 1) ·Π. This alternation might be an
operation by which world sheet gravity σn comes to couple with the system. More precise
studies about these things will appear elsewhere.
5 Conclusions and Discussions
In this article, we investigated the disk amplitudes in topological A-models and developed
a method to calculate the contributions from world sheet instantons with boundaries. We
study fusion structures of A-model operators and find that these correlators satisfy a set of
differential equations characterized by three point functions κl. The integrable conditions
in this open string amplitudes are equivalent to associativities of operators and are realized
as commutativity of an arbitrary pair of fusion matrices. For Fano manifold cases, these
commutativities make us to obtain all instanton corrections in tree level of closed string
theory. The disk amplitudes are collected into one matrix Π and are written as path ordered
exponentials of integrals of these fusion couplings. Probably it is possible to interpret the
Π as a kind of Baker-Akhiezer functions or τ -functions of the integrable systems. Local
deformations of the integral contours do not affect the results. But the amplitudes have
global monodromy properties.
In this paper, for simplicity, we switch off all perturbation operators except for marginal
ones O(1) associated to Ka¨hler forms. However we would like to emphasize that our results
are applicable to the completely general backgrounds.
We treat several examples. As a first case, we investigate Calabi-Yau 3-fold. The A-
model disk amplitudes are expressed by using Ka¨hler parameters and a prepotential F . In
particular, the correlators associated with O(0) are period integrals themselves if they are
transformed into the B-model side by mirror maps. We observe that the prepotential formula
in the toric analysis can be interpreted geometrically as a sum of products of disk amplitudes
associated with canonical homology basis. A pair of cycles is glued on two disk boundaries
and the product is weighted with a homology intersection number of these cycles. The F
is essentially a sum of contributions from disk amplitudes with various homology cycles as
their boundaries.
Next we consider Calabi-Yau d-fold cases concretely. For each case, the amplitude is
given as an upper triangular matrix and it is factorized into two parts, that is, monodromy
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part and instanton part. The former is constructed from some commutable nilpotent ma-
trices N ’s. All eigenvalues of the monodromy matrices exp(N ) are units. The number of
the N is equal to the dimension of Ka¨hler moduli spaces, or 2nd Betti number b2. The
latter part is composed of a set of single-valued functions under monodromy transformations
around large radius limit points. In other words, that is invariant by some constant shifts of
Ka¨hler parameters. It contains essentially information on instanton corrections with disklike
topology. Its expansion coefficients are interpreted as integrals of Chern classes of vector
bundles V over stable mapsM with one inserted operator on Σ. The region of that integra-
tion is over the fixed homology cycles. But the shifts of Ka¨hler forms mix these instanton
parts with each other. In the language of D-branes, the set of homology cycles with even
dimensions are wrapped by D-branes. They are susy cycles [24, 25] with minimum volumes
and “RR-fields” associated to the branes could be realized as Chern classes of some bundle
over Calabi-Yau moduli spaces. The structure of the monodromy transformations implies
existence of some Chern-Simons terms for these “RR-fields”. It is consistent with one of the
T-duality transformation B → B + ζ (ζ ∈ H2(M)). Especially it is remarkable that the form
of the monodromy matrix is completely fitted to the form of mixings of homology cycles
wrapped by D-branes.
In the context of string compactifications, the internal space with more than ten dimen-
sion seems to be meaningless. But as mathematical interest, there seems to be no obstruction
to extend the “D-branes” to higher dimensional cases through geometrical characterization.
In various dimensional cases, mirror symmetries are analysed so far [20, 21, 22, 23, 26, 27].
Their results illustrate existence of those symmetries in higher dimensional cases. Also anal-
yses here imply that mirror symmetries might be generalized to the cases including RR-fields
and (flat) gauge fields on the D-branes.
Furthermore our results show that the torus fibered structure of Calabi-Yau d-fold is
universal for any dimensions. The 0-cycle in the A-model side is wrapped by a D0-brane.
This cycle α0 corresponds to a unique d-cycle αˆ0 dual to a cohomology element H
d,0(W) of
the mirror W. The αˆ0 is the fundamental cycle in the toric language of mirror (B-model)
calculations and is homologically equivalent to a d dimensional torus. It supports the con-
jecture that any Calabi-Yau d-fold is realized as some torus fibered space, which is proposed
by [17]. But base manifold in this fibered space is not clear in our analyses. More precise
studies are needed to clarify the global structure of the fibered Calabi-Yau spaces. It will
yield reconstruction of mirror partner W from the moduli spaces of the original manifold M.
42
We wish to present a more detailed study on this subject in future.
There are still some open problems. In order to complete our analysis of boundary
states in string context, we have to consider non-topological states. They might have more
information on properties of susy cycles and be related with moduli spaces of D-branes.
The second problem is a relation with U-duality. The mirror symmetry is said to be a kind
of generalized T-duality. In fact the mixings of homology cycles are controlled by integral
shifts of B-fields, which is a part of T-dual transformation. If we consider an S-duality in
some context, the mirror symmetries here might be lifted to a U-duality. That symmetry
exchanges stringy fundamental states with solitonic ones (D-branes). In our previous papers
[28, 29], open string higher loop corrections play essential roles in analysing mass formulae
of BPS states. Also those corrections are essentially estimated by tadpole graphs which
are described by disk amplitudes, that is, boundary states. Possibly this problem might be
treated in M-theory.
For our analyses in Fano cases, there are some non-trivial monodromy properties in the
disk amplitudes. They reflect mixings of homology cycles with different dimensions. But
the mixings do not have the same structure as that in Calabi-Yau case. The 0-dimensional
cycle wrapped by D0-brane corresponds to a d dimensional fundamental homology cycle in
the B-model side for Calabi-Yau cases. How should we interpret the 0-cycle for Fano cases
because of lacking for the associated B-model.
The last is the meanings of other singular points on moduli spaces. The large radius limit
points contain information on mixings of cycles wrapped by D-branes. What information is
hidden at other singular points? For Calabi-Yau 3-folds, conifold singularities are related to
Black Hole’s physics unexpectedly [30]. Is there similar physics at the other singular points?
We do not have any answer about this now.
Our analysis is still limited, but we hope it will give some insights to the studies of moduli
spaces of Calabi-Yau manifolds and their mirror symmetries.
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Appendix A
Expansion Coefficients for Calabi-Yau d-folds
We consider d dimensional Calabi-Yau manifold M
M ; Xd+21 +X
d+2
2 + · · ·+X
d+2
d+1 +X
d+2
d+2 = 0 .
Essentially instanton corrections are encoded in a set of functions {an}
 a0 = 1 , a1 = 0 ,an = Sn(0, x˜2, · · · , x˜n) (n = 2, 3, · · · , d) ,
x˜m :=
1
m!
(
1
2πi
∂
∂ρ
)m
log
[
∞∑
l=0
Γ(N(l + ρ) + 1)
Γ(Nρ+ 1)
{
Γ(ρ+ 1)
Γ(l + ρ+ 1)
}N
(Nψ)−Nl
]∣∣∣∣∣
ρ=0
(m = 2, 3, · · · , d) .
The Sn is a Schur function defined as
exp
(
∞∑
m=1
wny
n
)
=
∞∑
n=0
Sn(w1, w2, · · · , wn)y
n .
These an’s (n ≥ 2) are expanded as power series with respect to q = exp(2πi t). For all
dimensions, a0 = 1, a1 = 0 are satisfied. We summarize these q-expansions of the {an}
(n = 2, 3, · · · , d) for lower dimensional cases.
The manifolds for d = 1, 2 are special cases. In complex one dimensional torus case, the
disk amplitude is calculated as
Π =
(
1 t
0 1
)
.
For a K3 case, the amplitude contains no quantum corrections
Π =


1 t
t2
2
0 1 t
0 0 1

 .
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• 3 dimensional case
a2 = 575 q +
975375 q2
4
+
1712915000 q3
9
+
3103585359375 q4
16
+ 229305888887648 q5
+297899690589234450 q6
+
20243246069160012225125 q7
49
+
38464733280000707788879375 q8
64
+
73459946418796448525169406250 q9
81
+1408576329956909429553448731160 q10+O(q)11 ,
a3 = −1150 q −
975375 q2
4
−
3425830000 q3
27
−
3103585359375 q4
32
−
458611777775296 q5
5
−99299896863078150 q6
−
40486492138320024450250 q7
343
−
38464733280000707788879375 q8
256
−
146919892837592897050338812500 q9
729
−281715265991381885910689746232 q10+O(q)11 ,
45
• 4 dimensional case
a2 = 10080 q + 73483200 q
2 + 1042526047360 q3
+19619298683429760 q4+
2159313463640684990016 q5
5
+10503727932089702308803840 q6
+
1916318246261017803528501768960 q7
7
+7506486378661143816276636705580800 q8
+
1925818389017402099739567134263974922720 q9
9
+6289794812252109825519839548497264776243328 q10+O(q)11 ,
a3 = −10080 q − 11340000 q
2 +
438895264640 q3
3
+5676562588304160 q4+
4094181652239685185984 q5
25
+4614422515155056774029440 q6
+
6470070606934642619706952592640 q7
49
+3863116083202577087773569076265760 q8
+
9355876893021790537527739478921992631840 q9
81
+3521863577835487363968251940437175654809280 q10+O(q)11 ,
a4 = −50803200 q
2 − 740710656000 q3 − 13208552898508800 q4
−274370680772336332800 q5
−6338295071425859161389056 q6
−158065860086155715545404887040 q7
−4174032361462124886410787618250752 q8
−115205378241303863208140231152926277632 q9
−
82331184334279500333868824265916634002480128 q10
25
+ O(q)11 ,
46
• 5 dimensional case
a2 = 144256 q + 17462862648 q
2
+
39251149387190104 q3
9
+1482599929918063737550 q4
+
14968967753047894532544812256 q5
25
+270025284718395377923251679826570 q6+O(q)7 ,
a3 = −44541 q +
76625259837 q2
8
+
11064424981812685 q3
3
+
283587971949297078031031 q4
192
+
81375921128111302728858579834 q5
125
+
111620758226133549844474689849549037 q6
360
+ O(q)7 ,
a4 = −154889 q −
286339506551 q2
16
−
270354099090739391 q3
81
−
1994922586698227118215983 q4
2304
−
171342020016473054406883272264 q5
625
−
640866103338137787756334143777874909 q6
6480
+ O(q)7 ,
a5 = 309778 q +
119861158263 q2
16
−
42310805608216586 q3
243
−
493093891453918167040411 q4
1536
−
1671979601542630148578508055791 q5
9375
−
14884051464652702471234056058626752111 q6
162000
+ O(q)7 ,
47
• 6 dimensional case
a2 = 1998080 q + 4174645462848 q
2+
173351535803486093312 q3
9
+125084361408235060148824528 q4
+
4925700694401049779531460267401216 q5
5
+8787523560602575025843757375030064656384 q6+O(q)7 ,
a3 = 691712 q + 5177687949504 q
2
+
806514791977225060352 q3
27
+213763669278793913475191576 q4
+
222265154400541781032704441312755712 q5
125
+16428039454518721043990933106854902034432 q6+O(q)7 ,
a4 = −3381504 q − 3474331329168 q
2
−
135215010362246119424 q3
27
+11035025851838372817917911 q4
+
196308541191778504551758653861994496 q5
625
+
190686799407710048293521223981506934567936 q6
45
+ O(q)7 ,
a5 = 3381504 q − 2758789385912 q
2−
1621921777812870897664 q3
81
−
14849774715749017836223605677 q4
108
−
3338292965542097491928389912718314496 q5
3125
−
56095153127006342643814305613940936094080768 q6
6075
+ O(q)7 ,
a6 = 6995748257792 q
2+ 24640041160313671680 q3
+
3340137952685596994282796032 q4
27
+791276138613199166063943691707648 q5
+
544155970530490018382447436413165338674240832 q6
91125
+ O(q)7 ,
48
• 7 dimensional case
a2 = 28165644 q + 1084202044892451 q
2
+99728961580840263059520 q3
+
53757309252523450995715769878563 q4
4
+ O(q)5 ,
a3 = 28552500 q +
4236848937896589 q2
2
+227690801399286677815632 q3
+
527217434543398525112024561243277 q4
16
+ O(q)5 ,
a4 = −51371415 q −
411335645719671 q2
16
+91853523325764027808458 q3
+
5064421223684923731829011918579849 q4
256
+ O(q)5 ,
a5 = 6391872 q − 2205705362512023 q
2
−196569129709703650356786 q3
−
733324518503477784502808861028159 q4
32
+ O(q)5 ,
a6 = 83567214 q +
70266259194158727 q2
32
+
977590470089357596666733 q3
12
+
6148546275722300412022432329036039 q4
2048
+ O(q)5 ,
a7 = −167134428 q −
10921247520838407 q2
32
+
2976368115211624055130173 q3
36
+
58982722644231416288220304066419321 q4
4096
+ O(q)5 ,
49
• 8 dimensional case
a2 = 412077600 q + 315199135995975000 q
2
+629888601165740265184000000 q3
+1929728022282541043288456451883593750 q4+O(q)5 ,
a3 = 703340000 q + 850719962854822500 q
2
+
51874151170414241611448000000 q3
27
+
12471282323077747047340092501522265625 q4
2
+ O(q)5 ,
a4 = −569448000 q + 478736404224952500 q
2
+
16494841023888735724876000000 q3
9
+
28605286088764930942867547855692578125 q4
4
+ O(q)5 ,
a5 = −813753600 q − 977980727099722500 q
2
−
106469171938587328005278000000 q3
81
−
55187753006324839405011876860910546875 q4
24
+ O(q)5 ,
a6 = 2196955200 q + 186121212133484375 q
2
−
201227517927600187399838000000 q3
243
−
6638610338058374343171115466159769921875 q4
1728
+O(q)5 ,
a7 = −2196955200 q +
1935676126330835625 q2
2
+
1489516428640533589720655000000 q3
729
+
36829673757854084975640013264359569921875 q4
6912
+ O(q)5 ,
a8 = −1639796995499520000 q
2
−1876688672317127734873500000 q3
−
282861147153465890226759614755375000000 q4
81
+ O(q)5 .
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Appendix B
Disk Amplitudes for Calabi-Yau d-Fold
We consider a d-dimensional Fermat type Calabi-Yau manifold M with one Ka¨hler modulus
M ; X l11 +X
l2
2 + · · ·+X
ld+2
d+2 = 0
in Pd+1[w1, w2, · · · , wd+2](D)
D :=
d+2∑
i=1
wi , li :=
D
wi
, wd+2 := 1 .
Products of a Ka¨hler form e generate analytical subspaces of vertical cohomologies ⊕lH
l,l
J (M).
Each Hl,lJ with a fixed l is spanned by one element e
l and there exists one corresponding
operator O(l) (l = 0, 1, · · · , d) in the A-model. Fusion relation of these is the same as Eq.(3.
23)
O(1)O(j−1) = κj−1O(j) (1 ≤ j ≤ d) ,
O(1)O(d) = 0 ,
κℓ := κ1ℓℓ+1 = κ1ℓmηmℓ+1 ,
ηij := 〈O
(i)O(j)〉 = D · δi+j,d .
A Ka¨hler parameter t couples with the operator O(1). It is a mirror map itself and is written
by using di-gamma function Ψ(x) :=
Γ′(x)
Γ(x)
t(ψ) =
D
2πi
[
log(Dψ)−1 +
∞∑
n=1
(Dn)!∏d+2
i=1 (win)!
(
Ψ(Dm+ 1)−
d+2∑
j=1
1
lj
Ψ(win + 1)
)
· (Dψ)−n
∞∑
m=1
(Dm)!∏d+2
i=1 (wim)!
· (Dψ)−m
]
.
Here the ψ is a complex moduli parameter of a mirror W in the B-model. We can choose
d + 1 homology cycles γl ∈ ⊕
l
m=0H2m(M) and express disk amplitudes c
(0)(γ)’s associated
with O(0) by a row vector u0
u0 :=
(
c(0)(γ0) c
(0)(γ1) · · · c(0)(γd)
)
=
(
aˆ0 aˆ1 aˆ2 · · · aˆd
)
· exp(tN )
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
 aˆ0 = 1 , aˆ1 = 0 ,aˆn := Sn(0, y˜2, · · · y˜n) (n = 2, 3, · · · , d) ,
y˜m :=
1
m!
(
1
2πi
∂
∂ρ
)m
log
[
∞∑
l=0
Γ(D(l + ρ) + 1)
Γ(Dρ+ 1)
·
d+2∏
i=1
Γ(wiρ+ 1)
Γ(wi(l + ρ) + 1)
· (Dψ)−Dl
]∣∣∣∣∣
ρ=0
(m = 2, 3, · · · , d) .
N :=


0 1 0
0 1
0 1
. . .
. . .
0 1
0 0


.
The Sn’s are Schur polynomials. The set of homology cycles is transformed under a transla-
tion t→ t+ 1
(γ(0) γ(1) · · · γ(d−1) γ(d))
→ (γ(0) γ(1) · · · γ(d−1) γ(d)) · exp(N ) .
and these cycles with different dimensions mix each other. The total disk amplitude is
collected into a matrix Π
Π :=


u0
u1
...
ud

 ,
ul =
1
κl−1
∂t
1
κl−2
∂t · · ·∂t
1
κ1
∂t
1
κ0
∂tu0 (1 ≤ l ≤ d) ,

κm = ∂t
1
κm−1
∂t
1
κm−2
∂t · · ·∂t
1
κ1
∂t
1
κ0
∂tc
(0)(γm+1) (1 ≤ m ≤ d− 1) ,
κ0 = 1 .
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